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Abstract
We generalize the results from [X.-D. Zhang, X.-P. Lv, Y.-H. Chen, Ordering trees by
the Laplacian coefficients, Linear Algebra Appl. (2009), doi:10.1016/j.laa.2009.04.018]
on the partial ordering of trees with given diameter. For two n-vertex trees T1 and
T2, if ck(T1) 6 ck(T2) holds for all Laplacian coefficients ck, k = 0, 1, . . . , n, we say
that T1 is dominated by T2 and write T1 c T2. We proved that among n vertex
trees with fixed diameter d, the caterpillar Cn,d has minimal Laplacian coefficients
ck, k = 0, 1, . . . , n. The number of incomparable pairs of trees on 6 18 vertices is
presented, as well as infinite families of examples for two other partial orderings
of trees, recently proposed by Mohar. For every integer n, we construct a chain
{Ti}mi=0 of n-vertex trees of length n
2
4 , such that T0
∼= Sn, Tm ∼= Pn and Ti c Ti+1
for all i = 0, 1, . . . ,m − 1. In addition, the characterization of the partial ordering
of starlike trees is established by the majorization inequalities of the pendent path
lengths. We determine the relations among the extremal trees with fixed maximum
degree, and with perfect matching and further support the Laplacian coefficients as
a measure of branching.
AMS Classification: 05C50; 05C05.
Key words: Laplacian coefficients; Diameter; Matching; Branching of trees;
Partial ordering.
1 Introduction
Let G = (V,E) be a simple undirected graph with n = |V | vertices and
m = |E| edges. The Laplacian polynomial P (G, λ) of G is the characteristic
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polynomial of its Laplacian matrix L(G) = D(G)− A(G),
P (G, λ) = det(λIn − L(G)) =
n∑
k=0
(−1)kckλn−k.
The Laplacian matrix L(G) has non-negative eigenvalues µ1 > µ2 > . . . >
µn−1 > µn = 0. From Viette’s formulas, ck = σk(µ1, µ2, . . . , µn−1) is a sym-
metric polynomial of order n − 1. In particular, we have c0 = 1, cn = 0,
c1 = 2m, cn−1 = nτ(G), where τ(G) denotes the number of spanning trees of
G (see [1] and [14]). If G is a tree, the coefficient cn−2 is equal to its Wiener
index, which is a sum of distances between all pairs of vertices
cn−2(T ) = W (T ) =
∑
u,v∈V
d(u, v),
while the coefficient cn−3 is its modified hyper-Wiener index, introduced by
Gutman in [9]. The Wiener index is considered as one of the most used topolog-
ical indices with high correlation with many physical and chemical properties
of molecular compounds (for recent results and applications of Wiener index
see [2]).
Let mk(G) be the number of matchings of G containing exactly k independent
edges. The subdivision graph S(G) of G is obtained by inserting a new vertex
of degree two on each edge of G. Zhou and Gutman [26] proved that for every
acyclic graph T with n vertices holds
ck(T ) = mk(S(T )), 0 6 k 6 n. (1)
Let T1 and T2 be two trees of order n. Denote by r (respectively s) the smallest
(respectively largest) integer such that cr(T1) 6= cr(T2) (respectively cs(T1) 6=
cs(T2)). Two partial orderings may be defined as follows. If cr(T1) < cr(T2),
we say that T1 is smaller than T2 and denote T1 ≺1 T2. If cs(T1) < cs(T2), we
say that T1 is smaller than T2 and denote T1 ≺2 T2. We may now introduce
relations ≺c and c on the set of n-vertex graphs by defining
G c H ⇔ ck(G) 6 ck(H), k = 0, 1, . . . , n.
and
G ≺c H ⇔ G c H and ck(G) < ck(H) for some 1 6 k 6 n− 1.
Recently, Mohar on his homepage [15] proposed some problems on ordering
trees with the Laplacian coefficients.
Problem 1 Do there exist two trees T1 and T2 of order n such that T1 ≺1 T2
and T2 ≺2 T1?
2
Problem 2 Do there exist two trees T1 and T2 of order n such that T1 ≺1 T2
and T1 ≺2 T2, but there is an index i such that ci(T1) > ci(T2)?
Problem 3 Let Tn be the set of all trees of order n. How large chains and
antichains of pairwise non-Laplacian-cospectral trees are there?
Problem 4 Let us define U(T, T ′) to be the set of all trees Z of order n =
|T | = |T ′| such that Z majorizes T and T ′ simultaneously. For which trees T
and T ′ has U(T, T ′) only one minimal element up to cospectrality, i.e., when
are all minimal elements in U(T, T ′) cospectral?
Our goal here is also to add some further evidence to support the use of
Laplacian coefficients as a measure of branching in alkanes. A topological
index acceptable as a measure of branching must satisfy the inequalities [5]
TI(Pn) < TI(Xn) < TI(Sn) or TI(Pn) > TI(Xn) > TI(Sn),
for n = 4, 5, . . ., where Pn is the path, and Sn is the star on n vertices.
For example, the first relation is obeyed by the largest graph eigenvalue and
Estrada index, while the second relation is obeyed by the Wiener index, Hosoya
index and graph energy. It is proven in [16] and [26] that for arbitrary tree
T 6∼= Pn, Sn holds
ck(Pn) > ck(T ) > ck(Sn),
for all 2 6 k 6 n−2. We further refine this relation, by introducing long chain
of inequalities.
Stevanovic´ and Ilic´ in [19] investigated the properties of the Laplacian coeffi-
cients of unicyclic graphs. Guo in [9] presented the several tree orderings by
the Laplacian spectral radius, while Dong and Guo in [3] used Wiener index
for ordering the trees. The authors in [10] generalized the recent results from
[13] and [21], which proved that the caterpillar Cn,d is the unique tree with n
vertices and diameter d, that minimizes Wiener index cn−2. X.-D. Zhang et al.
in [25], proved that Cn,d has minimal Laplacian coefficients only for the cases
d = 3 and d = 4, while here we prove it for all 2 6 d 6 n− 1.
The paper is organized as follows. In Section 2 we revise two graph transfor-
mations, such that all Laplacian coefficients are monotone under these trans-
formations. Also, we derive the partial ordering of starlike trees based on the
majorization inequalities of the pendent path lengths. In Section 3 we give
an alternative proof of the fact that among n vertex trees with fixed diam-
eter d, the caterpillar Cn,d has minimal Laplacian coefficient ck, for every
k = 0, 1, . . . , n. In addition, we construct an infinite family of incomparable
pairs of trees based on two Mohar’s ordering and calculate the Laplacian coef-
ficients for the special case d = n−3. In Section 4, the number of incomparable
pairs of trees for n 6 18 vertices is presented, and we also derive a chain of
inequalities of length m ∼ n2
4
, such that
Sn ∼= T0 c T1 c T2 c . . . c Tm−1 c Tm ∼= Pn.
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In Section 5, we deal with the extremal Laplacian coefficients of trees with
given maximum degree and perfect matching.
2 Transformations and starlike trees
Mohar in [16] proved that every tree can be transformed into a star by a
sequence of σ-transformations. Here we present the transformation from [11],
that is a generalization of σ-transformation.
Definition 5 Let v be a vertex of a tree T of degree m + 1. Suppose that
P1, P2, . . . , Pm are pendent paths incident with v, with lengths ni > 1, i =
1, 2, . . . ,m. Let w be the neighbor of v distinct from the starting vertices of
paths v1, v2, . . . , vm, respectively. We form a tree T
′ = δ(T, v) by removing the
edges vv1, vv2, . . . , vvm−1 from T and adding m−1 new edges wv1, wv2, . . . , wvm−1
incident with w. We say that T ′ is a δ-transform of T .
This transformation preserves the number of pendent vertices in a tree T and
decreases all Laplacian coefficients.
Theorem 6 Let T be an arbitrary tree, rooted at the center vertex. Let vertex
v be a vertex furthest from the center of tree T among all branching vertices
with degree at least three. Then, for δ-transformation tree T ′ = δ(T, v) and
0 6 k 6 n holds
ck(T ) > ck(T ′).
Mohar in [16] proved that every tree can be transformed into a path by a
sequence of pi-transformations. Here we present the transformation from [10],
that is a generalization of pi-transformation.
Theorem 7 Let w be a vertex of the nontrivial connected graph G and for
nonnegative integers p and q, let G(p, q) denote the graph obtained from G by
attaching pendent paths P = wv1v2 . . . vp and Q = wu1u2 . . . uq of lengths p
and q, respectively, at w. If p > q > 1, then
ck(G(p, q)) 6 ck(G(p+ 1, q − 1)), k = 0, 1, 2 . . . , n.
We will apply these transformations to starlike trees. In [4], [17] and [6], the
authors proved that starlike trees are determined by their Laplacian spectrum,
which means that no two trees have equal all Laplacian coefficients.
The starlike tree T (n1, n2, . . . , nk) is a tree composed of the root v, and the
paths P1, P2, . . . , Pk of lengths n1, n2, . . . , nk attached at v. The number of
vertices of the tree T (n1, n2, . . . , nk) equals n = n1 + n2 + . . . + nk + 1. The
starlike tree BSn,k is balanced if all paths have almost equal lengths, i.e.,
|ni − nj| 6 1 for every 1 6 i < j 6 k.
Let x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be two integer arrays of
length n. We say that x majorize y and write x ≺ y if elements of these
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arrays satisfy following conditions:
(i) x1 > x2 > . . . > xn and y1 > y2 > . . . > yn,
(ii) x1 + x2 + . . .+ xk > y1 + y2 + . . .+ yk, for every 1 6 k < n,
(iii) x1 + x2 + . . .+ xn = y1 + y2 + . . .+ yn.
Theorem 8 Let p and q be the arrays of length k > 2, such that p ≺ q. Then
T (p) c T (q). (2)
Proof: Let n denotes the number of vertices in trees T (p) and T (q), n =
p1 +p2 + . . .+pk = q1 +q2 + . . . qk. We will proceed by mathematical induction
on the size of the array k. For k = 2, we can directly apply transformation
from Theorem 7 on tree T (q) several times, in order to get T (p).
Assume that the inequality (2) holds for all lengths less than or equal to k.
If there exists index 1 6 m < k such that p1 + p2 + . . . + pm = q1 + q2 +
. . .+ qm, we can apply inductive hypothesis on two parts T (q1, q2, . . . , qm) and
T (qm+1, qm+2, . . . , qk) and get T (p1, p2, . . . , pm) and T (pm+1, pm+2, . . . , pk).
Otherwise, we have strict inequalities p1 + p2 + . . . + pm < q1 + q2 + . . . + qm
for all indices 1 6 m < k. We can transform tree T (q1, q2, . . . , qk) into
T (q1, q2, . . . , qs−1, qs − 1, qs+1, . . . , qr−1, qr + 1, qr+1, . . . , qk),
where s is the largest index such that q1 = q2 = . . . = qs and r is the smallest
index such that qr = qr+1 = . . . = qk. The condition p ≺ q is preserved, and
we can continue until the array q transforms into p, while at every step we
decrease the Laplacian coefficients. 
A canonical example of majorization is
Corollary 9 Let T 6∼= BTn,k be an arbitrary starlike tree with k pendent paths
on n vertices. Then
ck(BTn,k) 6 ck(T ), k = 0, 1, . . . , n.
The broom Bn,∆ is a tree consisting of a star S∆+1 and a path of length
n−∆− 1 attached to an arbitrary pendent vertex of the star (see Figure 1).
It is proven in [12] that among trees with perfect matching and maximum
degree equal to ∆, the broom Bn,∆ uniquely minimizes the largest eigenvalue
of adjacency matrix. Also it is shown that among trees with bounded degree
∆, the broom has minimal Wiener index and Laplacian-like energy [20]. In
[23] and [24] the broom has minimal energy among trees with fixed diameter
or fixed number of pendent vertices.
For the maximum case, we have following
Corollary 10 Let T 6∼= Bn,∆ be an arbitrary tree on n vertices with the max-
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Fig. 1. The broom B11,6.
imum vertex degree ∆. Then
ck(Bn,∆) > ck(T ), k = 0, 1, . . . , n.
We can refine the above relation using Theorem 7 applied on the vertex of
degree greater than 2
ck(Sn) = ck(Bn,n−1) 6 ck(Bn,n−2) 6 . . . 6 ck(Bn,3) 6 ck(Bn,2) = ck(Pn),
for every k = 0, 1, . . . n. It follows that Bn,3 has the second largest Laplacian
coefficients among trees on n vertices.
3 Laplacian coefficients of trees with given diameter
Let C(a1, a2, . . . , ad−1) be a caterpillar obtained from a path Pd with vertices
{v0, v1, . . . , vd} by attaching ai pendent edges to vertex vi, i = 1, 2 . . . , d − 1.
Clearly, C(a1, a2, . . . , ad−1) has diameter d and n = d+ 1 +
∑d−1
i=1 ai. For sim-
plicity, denote Cn,d = C(0, . . . , 0, abd/2c, 0, . . . , 0). In [18] it is shown that cater-
pillar Cn,d has minimal spectral radius (the greatest eigenvalue of adjacency
matrix) among graphs with fixed diameter.
Fig. 2. Caterpillar Cn,d.
Theorem 11 Among trees on n vertices and diameter d, caterpillar Cn,d has
minimal Laplacian coefficient ck, for every k = 0, 1, . . . , n.
In [10], the authors also considered the connected n-vertex graphs with fixed
radius, and proved that Cn,2r−1 is the extremal graph with minimal Laplacian
coefficients.
Here, we give an alternative proof of Theorem 11. Let P = v0v1v2 . . . vd be a
path in tree T of maximal length. Every vertex vi on the path P is a root of
a tree Ti with ai + 1 vertices, that does not contain other vertices of P . We
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apply σ-transformation (or combination of transformations from Theorem 6
and Theorem 7) on trees T1, T2, . . . , Td−1 to decrease coefficients ck, as long as
we do not get a caterpillar C(a0, a1, a2, . . . , ad).
Let 1 6 r 6 d − 1 be the smallest index such that ar > 0, and analogously
let 1 6 s 6 d − 1 be the largest index such that as > 0. We can perform
δ transformation to vertex vr or vertex vs and get a caterpillar with smaller
Laplacian coefficients by moving pendent vertices to the central vertex vbd/2c
of a path. After applying this algorithm, we finally get the extremal tree Cn,d.
If d < n− 1, we can apply the transformation from Theorem 7 at the central
vertex of degree greater than 2 and obtain Cn,d+1. Therefore, we have
ck(Sn) = ck(Cn,2) 6 ck(Cn,3) 6 · · · 6 ck(Cn,n−2) 6 ck(Cn,n−1) = ck(Pn),
for every k = 0, 1, . . . n. It follows that Cn,3 has the second smallest Laplacian
coefficients among trees on n vertices.
Naturally, one wants to describe n-vertex trees with fixed diameter with max-
imal Laplacian coefficients. We have checked all trees up to 18 vertices and for
every triple (n, d, k) we found extremal trees with n vertices and fixed diame-
ter d that maximize coefficient ck. The outcome is interesting – the extremal
trees are not isomorphic (see Figure 3).
Fig. 3. Graphs with n = 18 and d = 4 that maximize c16 and c15.
For d = n− 2, the maximum Laplacian coefficients are achieved for Bn,3. For
d = n− 3, we have three potential extremal trees depicted on Figure 4 (based
on transformations from Theorem 7 and Theorem 6).
It is easy to prove that T3 c T2. Namely, consider two marked edges of the
subdivision trees – a ∈ E(S(T2)) and b ∈ E(S(T3)). Let M be an arbitrary k-
matching of S(T3). We will construct a corresponding k-matching M
′ of S(T2)
and prove that ck(T3) 6 ck(T2). If M that does not contain b, then M ′ = M
is also k-matching of the tree S(T2) \ {a}. If M contains the edge b, then we
set the edge a in the corresponding matching M ′ of S(T2). After removing
a and b with their neighboring edges from S(T2) and S(T3) respectively, the
decomposed graph of S(T3) is a subgraph of the decomposed graph of S(T2).
Notice that the red edge c ∈ E(S(T2)) does not belong to any corresponding
matching M ′, and it follows that in this case we have an injection from the
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Fig. 4. Extremal trees for d = n− 3 (squares represent subdivision vertices).
set of k-matchings of S(T3) that contain the edge b to the set of k-matchings
of S(T2) that contains the edge a. Finally, we have ck(T3) < ck(T2) for n > 7
and 2 6 k 6 n− 2.
The Laplacian coefficient c2(T ) is equal to (see [4]):
c2(T ) = 2n
2 − 5n+ 3− 1
2
n∑
i=1
d2i = 2n
2 − 5n+ 3− 1
2
Z(T ),
where Z(T ) is the first Zagreb index [8]. Clearly, we have
Z(T2)− Z(T1) = (32 + 12)− (22 + 22) = 2.
which means that c2(T1) > c2(T2) for n > 7. On the other hand, for the Wiener
index W (T ) we have
W (T2)−W (T1) = (2(1 + 2 + . . .+ (n− 4) + (n− 3) + 2) + n− 3)
− (2(1 + 2 + 3 + . . .+ (n− 5) + (n− 4) + 2 + 3) + n− 1)
= 2n− 14,
which gives cn−2(T2) > cn−2(T1) for n > 7. For n > 7, the pairs (T1, T2)
represent an infinite family of examples for Problem 1.
We can calculate the Laplacian coefficients of trees T1 and T2, by considering
several cases involving red edges on Figure 4. In [10], the authors proved
that for 0 6 k 6 dn
2
e, the number of matchings with k edges for path Pn
is mk(Pn) = m(n, k) =
(
n−k
k
)
. After taking some independent red edges in
k-matching, the decomposed graphs are the union of one long path and some
number of paths with lengths 2, 3 or 4. Using MATHEMATICA software [22],
we get
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ck(T1) = 6
(
2n− 9− k
k − 2
)
+ 8
(
2n− 9− k
k − 1
)
+
(
2n− 9− k
k
)
+ 11
(
2n− 8− k
k − 3
)
+ 21
(
2n− 8− k
k − 2
)
+ 6
(
2n− 7− k
k − 4
)
+ 20
(
2n− 7− k
k − 3
)
+
(
2n− 6− k
k − 5
)
+ 5
(
2n− 6− k
k − 4
)
,
and
ck(T2) =
(
2n− 11− k
k − 2
)
+ 2
(
2n− 11− k
k − 1
)
+
(
2n− 11− k
k
)
+ 4
(
2n− 10− k
k − 3
)
+ 12
(
2n− 10− k
k − 2
)
+ 8
(
2n− 10− k
k − 1
)
+ 6
(
2n− 9− k
k − 4
)
+ 24
(
2n− 9− k
k − 3
)
+ 22
(
2n− 9− k
k − 2
)
+ 4
(
2n− 8− k
k − 5
)
+ 20
(
2n− 8− k
k − 4
)
+ 24
(
2n− 8− k
k − 3
)
+
(
2n− 7− k
k − 6
)
+ 6
(
2n− 7− k
k − 5
)
+ 9
(
2n− 7− k
k − 4
)
.
After some manipulations, the difference ck(T2)− ck(T1) is equal to
2 · (2n− 9− k)!
(k − 2)!(2n− 2k − 3)! · P (n, k),
and the sign of ck(T2)− ck(T1) depends only on the following expression
P (n, k) =−408− 788k − 120k2 − 13k3 + 3k4 + 844n+ 639kn+ 81k2n
− 4k3n− 466n2 − 186kn2 − 6k2n2 + 104n3 + 16kn3 − 8n4.
For large n, we can substitute x = k
n
and get the fourth degree polynomial
P (x) = 3x4 − 4x3 − 6x2 + 16x− 8.
This polynomial has only one positive real root x0 ≈ 0.771748, and therefore
for the Laplacian coefficient ck, we have: ck(T1) > ck(T2) for k < nx0, and
ck(T2) > ck(T1) for k > nx0.
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4 Further examples for Mohar’s problems
We will use the series of δ transformations, in order to obtain a chain of
n-vertex trees of length m,
Sn ∼= T0 c T1 c T2 c . . . c Tm−1 c Tm ∼= Pn.
The main idea is to move one pendent vertex attached at the center vertex
of caterpillar Cn,d to the end vertex v0. This requires bd2c transformations to
get caterpillar Cn,d+1, and at every step we decrease all Laplacian coefficients.
Starting from the star Sn and ending with the path Pn, we have
m=
⌊
2
2
⌋
+
⌊
3
2
⌋
+
⌊
4
2
⌋
+
⌊
5
2
⌋
+ . . .+
⌊
n− 2
2
⌋
+
⌊
n− 1
2
⌋
= 1 + 1 + 2 + 2 + . . .+
⌊
n− 2
2
⌋
+
⌊
n− 1
2
⌋
.
For n = 2k it follows m = (k−1)2, while for n = 2k+1 it follows m = k(k−1).
Finally, we conclude that the length of the chain is equal to m =
⌊
n−1
2
⌋
·
⌊
n−2
2
⌋
,
which is proportional to n
2
4
.
In Table 1, we present for every n between 3 and 18, the number of trees on n
vertices, the number of pairs of trees that give affirmative answer to Problem 1
and Problem 2, the number of all incomparable pairs and the percentage of
n-vertex tree pairs that are incomparable.
We conclude that the smallest pair of trees that gives the affirmative answer for
Problem 1 appears on 8 vertices, while the smallest pair of trees for Problem 2
appears on 10 vertices. In [25] the authors did not present the smallest example
for Problem 1. Let T1 and T2 be two trees of order 8 depicted on the Figure 5.
It follows T1 ≺1 T2 and T2 ≺2 T1, since
P (T1, λ) = −8x+ 65x2 − 190x3 + 267x4 − 196x5 + 75x6 − 14x7 + x8
and
P (T2, λ) = −8x+ 66x2 − 188x3 + 259x4 − 190x5 + 74x6 − 14x7 + x8.
Fig. 5. Trees T1 and T2.
Notice that the percent of pairs of incomparable trees grows rapidly. It would
be of interest to determine the limiting ratio when n tends to infinity.
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n Tree number Type 1 pairs Type 2 pairs All pairs Percent
3 1 0 0 0 0.00
4 2 0 0 0 0.00
5 3 0 0 0 0.00
6 6 0 0 0 0.00
7 11 0 0 0 0.00
8 23 7 0 7 2.77
9 47 56 0 56 5.18
10 106 476 5 481 8.64
11 235 2786 22 2808 10.21
12 551 18857 230 19087 12.60
13 1301 117675 1756 119431 14.12
14 3159 786721 15203 801924 16.08
15 7741 5030105 109075 5139180 17.15
16 19320 33888050 894946 34782996 18.64
17 48629 225026865 6467585 231494450 19.58
18 123867 1543675765 50926955 1594602720 20.79
5 Laplacian coefficients of trees with perfect matchings
It is well known that if a tree T has a perfect matching, then the perfect
matching M is unique. Namely, a pendent vertex v has to be matched with
its unique neighbor w, and then M −{vw} forms the perfect matching of tree
T − v − w.
Let An,∆ be a ∆-starlike tree T (n − 2∆, 2, 2, . . . , 2, 1) consisting of a central
vertex v, a pendent edge, a pendent path of length n− 2∆ and ∆− 2 pendent
paths of length 2, all attached at v (see Figure 6).
Fig. 6. The tree A16,6.
Theorem 12 The tree An,∆ has minimal Laplacian coefficients among trees
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with perfect matching and maximum degree ∆.
Proof: Let T be an arbitrary tree with perfect matching and let v be a vertex
of degree ∆, with neighbors v1, v2, . . . , v∆. Let T1, T2, . . . , T∆ be the maximal
subtrees rooted at v1, v2, . . . , v∆, respectively, such that neither of these trees
contains v. Then at most one of the numbers |T1|, |T2|, . . . , |T∆| can be odd (if
Ti and Tj have odd number of vertices, than the root vertices vi and vj will be
unmatched – which is impossible). Actually, since the number of vertices in T
is even, there exists exactly one tree among T1, T2, . . . , T∆ with odd number
of vertices.
Using Theorem 7, we may transform each Ti into a pendent path attached at
v – while simultaneously decreasing all Laplacian coefficients and keeping the
existence of a perfect matching. Assume that T∆ has odd number of vertices,
while the remaining trees have even number of vertices. We apply similar
transformation to the one in Theorem 7, but instead of moving one edge, we
move two edges in order to keep the existence of a perfect matching. Therefore,
if p > q > 2 then
ck(G(p, q)) 6 ck(G(p+ 2, q − 2)),
for all k = 0, 1, . . . , n. Using this transformation, we may reduce T∆ to one
vertex, the trees T2, . . . , T∆−1 to two vertices, leaving T1 with n− 2∆ vertices,
and thus obtaining An,∆. Since we have been decreasing all Laplacian coef-
ficients simultaneously, we conclude that An,∆ indeed has minimal Laplacian
coefficients ck, k = 0, 1, . . . , n, among the trees with perfect matching. 
If ∆ > 2, we can again apply Theorem 7 (by moving two vertices) at the
vertex of degree ∆ in An,∆ and obtain An,∆−1. Thus, it follows that
ck(Fn) = ck(An,n/2) 6 ck(An,n/2−1) 6 . . . 6 ck(An,3) 6 ck(An,2) = ck(Pn),
holds for every k = 0, 1, . . . , n.
Acknowledgement. This work was partially done while the author was
visiting the TOPO GROUP CLUJ, leaded by Professor Mircea V. Diudea,
Babes¸-Bolyai University, Faculty of Chemistry and Chemical Engineering. We
gratefully acknowledge the suggestions from the referee that helped in improv-
ing this article.
References
[1] D. Cvetkovic´, M. Doob, H. Sachs, Spectra of graphs – Theory and Application,
3rd edition, Johann Ambrosius Barth Verlag, 1995.
[2] A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: theory and
applications, Acta Appl. Math. 66 (2001) 211–249.
[3] H. Dong, X. Guo, Ordering trees by their Wiener indices, MATCH Commun.
Math. Comput. Chem. 56 (2006) 527–540.
12
[4] L. Feng, G. Yu, No starlike trees are Laplacian cospectral, Univ. Beograd, Publ.
Elektrotehn. Fak. Ser. Mat. 18 (2007) 46–51.
[5] M. Fischermann, I. Gutman, A. Hoffmann, D. Rautenbach, D. Vidovic´, L.
Volkmann, Extremal chemical trees, Z. Naturforsch. 57a, (2002) 49–52.
[6] N. Ghareghani, F. Ramezani, B. Tayfeh-Rezaie, Graphs cospectral with starlike
trees, Linear Algebra Appl. 429 (2008) 2691–2701.
[7] I. Gutman, Hyper-Wiener index and Laplacian spectrum, J. Serb. Chem. Soc.
68 (2003) 949–952.
[8] I. Gutman, K. C. Das, The First Zagreb Index 30 Years After, MATCH
Commun. Math. Comput. Chem. 50 (2004) 83–92.
[9] J. M. Guo, On the Laplacian spectral radius of a tree, Linear Algebra Appl. 368
(2003) 379–385.
[10] A. Ilic´, A. Ilic´, D. Stevanovic´, On the Wiener index and Laplacian coefficients
of graphs with given diameter or radius, MATCH Commun. Math. Comput.
Chem. 63 (2010), 91–100.
[11] A. Ilic´, M. Ilic´, Laplacian coefficients of trees with given number of leaves or
vertices of degree two, Lin. Algebra Appl., submitted.
[12] W. Lin, X. Guo, On the largest eigenvalues of trees with perfect matchings, J.
Math. Chem. 42 (2007) 1057–1067.
[13] H. Liu, X.F. Pan, On the Wiener index of trees with fixed diameter, MATCH
Commun. Math. Comput. Chem. 60 (2008) 85–94.
[14] R. Merris, A survey of graph Laplacians, Linear Multilin. Algebra 39 (1995)
19–31.
[15] B. Mohar, Problems: Laplacian coefficients of trees, http://www.fmf.uni-
lj.si/~mohar/.
[16] B. Mohar, On the Laplacian coefficients of acyclic graphs, Linear Algebra Appl.
722 (2007) 736–741.
[17] G. R. Omidi, K. Tajbakhsh, Starlike trees are determined by their Laplacian
spectrum, Linear Algebra Appl. 422 (2007) 654–658.
[18] S. K. Simic´, E. M. L. Marzi, F. Belardo, On the index of caterpillars, Discrete
Math. 308 (2008) 324–330.
[19] D. Stevanovic´, A. Ilic´, On the Laplacian coefficients of unicyclic graphs, Linear
Algebra Appl. 430 (2009) 2290–2300.
[20] D. Stevanovic´, Laplacian-like energy of trees, MATCH Commun. Math.
Comput. Chem. 61 (2009) 407–417.
[21] S. Wang, X. Guo, Trees with extremal Wiener indices, MATCH Commun. Math.
Comput. Chem. 60 (2008) 609–622.
13
[22] Wolfram Research, Mathematica Edition: Version 7.0, Wolfram Research Inc.,
Champaign, Illinois, 2008.
[23] W. Yan, L. Ye, On the minimal energy of trees with a given diameter, Appl.
Math. Lett. 18 (2005) 1046–1052.
[24] A. Yu, X. Lv, Minimal energy on trees with k pendent vertices, Lin. Algebra
Appl. 418 (2006) 625–633.
[25] X.-D. Zhang, X.-P. Lv, Y.-H. Chen, Ordering trees by the Laplacian coefficients,
Linear Algebra Appl. (2009), doi:10.1016/j.laa.2009.04.018
[26] B. Zhou, I. Gutman, A connection between ordinary and Laplacian spectra of
bipartite graphs, Linear Multilin. Algebra 56 (2008) 305–310.
14
